
$ OJRULWKPV� I RU� &RPSXWLQJ� 4 R6 �
SDWKV� ZLWK� 5HVWRUDWLRQ

$ OH[ DQGHU� 6SULQWVRQ
7HFKQLRQ� , VUDHO� , QVWLWXWH� RI � 7HFKQRORJ\ �

7R� $ SSHDU� LQ� WKH� 3URFHHGLQJV� RI � , ( ( ( � , QI RFRP·� �

� - RLQW� ZRUN� ZLWK� <LJDO%HMHUDQR� � <XUL� %UHLWEDUW� �
$ ULHO� 2 UGD DQG� 5DMHHY� 5DVWRJL�
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· 6 HUYLFH�SURYLGHUV�DUH�LQWHUHVWHG�LQ�
RI I HULQJ�QHZ�VHUYLFHV�ZLWK�4 R6 �
UHTXLUHPHQWV

² ( �J���YLUWXDO�SULYDWH�QHWZRUNV

² ) DFLOLWDWHG�E\ �0 XOWL3URWRFRO�/ DEHO�6ZLWFKLQJ�
�0 3/ 6 �

· 5HVLOLHQFH�WR�I DLOXUHV�LV�D�NH\ �UHTXLUHPHQW

· 1 HHG�WR�SURYLVLRQ�SULPDU\ �DQG�EDFNXS�SDWKV�
WKDW�VDWLVI \ �4 R6 �UHTXLUHPHQWV

0 RWLYDWLRQ
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* OREDO� 5HVWRUDWLRQ� SDWK� SURWHFWLRQ

· ( VWDEOLVK�D�4 R6 �FRQQHFWLRQ�ZLWK�GHOD\ �FRQVWUDLQW��

· 8 VH�JUHHQSDWK�DV�D�SULPDU\ �SDWK�DQG�EOXHSDWK�DV�D�UHVWRUDWLRQ�SDWK
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/ RFDO� 5HVWRUDWLRQ� � 5HVWRUDWLRQ� 7 RSRORJ\

· $ OWHUQDWLYH�

² 8 VH�JUHHQSDWK�DV�D�SULPDU\ �SDWK

² 8 VH�WZR�EOXHEULGJHV�I RU�UHVWRUDWLRQ
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ƒ , GHQWLI \ �SDWKV�WKDW�VDWLVI \ 4 R6 FRQVWUDLQWV
ƒ %RWWOHQHFN� H�J���EDQGZLGWK

ƒ 4 R6 �SDUDPHWHU�RI �D�SDWK� �4 R6 �SDUDPHWHU�RI �WKH�
ZRUVW�OLQN

ƒ $ GGLWLYH² H�J���GHOD\ ��MLWWHU

ƒ 4 R6 �SDUDPHWHU�RI �D�SDWK� �VXP�RI �WKH�4 R6 �
SDUDPHWHUV�RI �LWV�OLQNV

ƒ %RWWOHQHFN�FRQVWUDLQWV�DUH�HDVLHU�WR�KDQGOH
ƒ %\ �UHPRYLQJ�OLQNV�WKDW�GR�QRW�VDWLVI \ �4 R6 �FRQWUDLQWV

ƒ : H�I RFXV�RQ�DGGLWLYHFRQVWUDLQWV��ZKLFK�DUH�PRUH�
GLI I LFXOW�WR�KDQGOH

4 R6 � URXWLQJ
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4 R6 � 5RXWLQJ

ƒ0 LQLPL] H�WKH�JOREDO�XVH�RI �QHWZRUN�UHVRXUFHV
ƒ ( DFK�OLQN�LV�DVVRFLDWHG�ZLWK�D�FRVW

ƒ ( VWLPDWHV�WKH�TXDOLW\ �RI �OLQN�LQ�WHUPV�RI �UHVRXUFH�XWLOL] DWLRQ

ƒ ( �J���' HSHQGV�RQ�OLQN·V�EDQGZLGWK�DQG�ORFDWLRQ

ƒ * RDO��I LQG�D�PLQLPXP�FRVW�SDWK�WKDW�VDWLVI LHV�D�GHOD\ �
FRQVWUDLQW

ƒ 5HODWHG�SUREOHP��5HVWULFWHG�6KRUWHVW�3DWK��563� �

D

Cost

Delay

/ RZHU�GHOD\ �SDWKV�DUH�PRUH�H[ SHQVLYH
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0 RGHO

· ' LUHFWHG�* UDSK�* �9�( � ��0  _( _��1  _9_

² 8 QGLUHFWHG�I RU�V\ PPHWULF�QHWZRUNV

² ) RU�HDFK�OLQN��lÎ (

ƒ Gl� WKH�GHOD\ �RI l

ƒ Fl � WKH�FRVW�RI �l

· : DON� : �

² 6HTXHQFH�RI �QRGHV�v0, v1, …,vn

· 3DWK��3�

² : DON�ZLWK�GLVWLQFW�QRGHV
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/ RFDO� UHVWRUDWLRQ� EULGJH

/ HW3�EH�D�SULPDU\ �SDWK�DQG�' �EH�D�GHOD\ �FRQVWUDLQW

· %ULGJH�LV�D�SDWK�WKDW�FRQQHFWV�WZR�QRGHV�YL�YMRI �3�DQG�
KDV�QR�FRPPRQ�OLQNV�ZLWK�3�

· %ULGJH�LV�DFWLYDWHG�ZKHQ�D�OLQN�EHWZHHQ�YLDQG�YMI DLOV�

· ( DFK�EULGJH�PXVW�VDWLVI \ �D�FHUWDLQ�GHOD\ �FRQVWUDLQW
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5HVWRUDWLRQ� WRSRORJ\

5HVWRUDWLRQ�WRSRORJ\ �5�LV�D�VHW�RI �EULGJHV�%� �« �%� ��VXFK�
WKDW�I RU�HDFK�OLQN�OLQ�SDWK�WKHUH�H[ LVWV�D�EULGJH�WKDW�
SURWHFWV�LW�

s t

3
&RVW�RI �UHVWRUDWLRQ�WRSRORJ\ �5� �WKH�VXP�RI �WKH��FRVWV�

RI �DOO�OLQNV�XVHG�E\ �EULGJHV�RI �5�
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3DWK� SURWHFWLRQ� YV� � VHW� RI � EULGJHV

· 3DWK�SURWHFWLRQ�² D�SDLU�RI �GLVMRLQW�SDWKV�
² %RWK�PXVW�VDWLVI \ �WKH�GHOD\ �FRQVWUDLQW

· 3DWK�SURWHFWLRQ�LV�QRW�DOZD\ V�SRVVLEOH��RU�EHVW�FKRLFH�

1 11 1 1

3

4

3

B1

B2

B3

s v1 v2 v3 v4 t

· 7KHUH�DUH�QR�WZR�GLVMRLQW�SDWKV�WKDW�VDWLVI \ �GHOD\ �
FRQVWUDLQW�� �

· 7KHUH�H[ LVW�D�SULPDU\ �SDWK�DQG�D�I HDVLEOH�UHVWRUDWLRQ�
WRSRORJ\
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3UREOHP� I RUPXODWLRQ

· 3UREOHP�57

² * LYHQ�D�GHOD\ �FRQVWUDLQW�' �DQG�D�4 R6 �SDWK�3��' �3�£' ��I LQG�D�
PLQLPXP�FRVW�UHVWRUDWLRQ�WRSRORJ\ �5 ^%� �%� �«%Ǹ

· 3UREOHP�3� 57

² * LYHQ�D�GHOD\ �FRQVWUDLQW�' ��I LQG�D�4 R6 �SDWK�3�DQG�D�
FRUUHVSRQGLQJ�UHVWRUDWLRQ�WRSRORJ\ �5��VXFK�WKDW�WKHLU�WRWDO�
FRVW�LV�PLQLPXP

· 7KH�SUREOHPV�DUH�1 3� KDUG

· 1 RYHO�SUREOHPV��QHYHU�EHHQ�DGGUHVVHG�LQ�WKH�
OLWHUDWXUH�

· : H�SURYLGH�D�ULJRURXV�VROXWLRQ��ZLWK�SURYHQ�
JXDUDQWLHV



� �

6XPPDU\ � RI � 5HVXOWV�

· &RPSXWDWLRQDO�FRPSOH[ LW\ � ( )( )NMNO log1 +e

· : H�SUHVHQW��a�b� � DSSUR[ LPDWH�VROXWLRQV��L�H��

²7KH�FRVW�RI �WKH�VROXWLRQ�LV�DW�PRVW�a WLPHV PRUH�WKDQ�WKH�
RSWLPXP

²( DFK�UHVWRUDWLRQ�SDWK�YLRODWHV�WKH�GHOD\ �FRQVWUDLQW�E\ �D�
I DFWRU�RI �DW�PRVW�b

Problem Undirected Directed

RT

P+RT

)1),1(2( e+ )2),1(2( e+

)2),1(3( e+ )3),1(3( e+



� �

· 3UREOHP�56 3�

) LQG�D�PLQLPXP�FRVW�SDWK�WKDW�VDWLVI LHV�WKH�4 R6 �
FRQVWUDLQW�'

² 7KH�SUREOHP�LV�ZHDNO\ �1 3� KDUG�

² $ SSUR[ LPDWLRQ�VFKHPHV��37$ 6 �

‡ + DVVLQ�� � ��/ RUHQ] �DQG�5D] ��� � � �

‡ 3URYLGH�SDWKV�ZKRVH�FRVW�LV�DW�PRVW�� � � e� �KLJKHU�WKDQ�WKH�
RSWLPXP

‡ &RPSXWDWLRQ�FRPSOH[ LW\

‡ &DQ�EH�XVHG�I RU�FRPSXWLQJ�SULPDU\ �SDWKV�

5HODWHG� 3UREOHPV

( )( )NMNO log1 +e



� �

� � &UHDWH�D�FDQGLGDWH�VHW�
RI �EULGJHV�E\ �FRPSXWLQJ��
I RU�HYHU\ �WZR�QRGHV�YL
DQG�YM��D�PLQLPXP�FRVW�
EULGJH�WKDW�FRQQHFWV�YL
DQG�YM�

· 8 VH�DOJRULWKP�563

6LPSOH� DOJRULWKP

� � ) LQG�D�VXEVHW�RI �EULGJHV�LQ�
FDQGLGDWH�VHW�VXFK�WKDW�DOO�
OLQNV�LQ�WKH�SULPDU\ �SDWK�DUH�
SURWHFWHG���

· 5HYHUVH�OLQNV�RI �WKH��SULPDU\ �
SDWK

· $ VVRFLDWH�D�FRVW�ZLWK�HDFK�
EULGJH

· ) LQG�D�VHW�RI �EULGJHV�E\ �
VKRUWHVW�SDWK�DOJRULWKP

s t s t
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· &RVW�PD\ �EH�KLJKHU�WKDQ�RSWLPDO�EHFDXVH�RI �OLQN�
VKDULQJ

/ LQN� VKDULQJ
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/ HPPD� � � 7KHUH�H[ LVWV�D�UHVWRUDWLRQ�WRSRORJ\ ��VXFK�
WKDW�LWV�FRVW�LV�RSWLPDO�DQG�HDFK�RI �LWV�OLQNV�LV�LQFOXGHG�
LQ�DW�PRVW�WZR�EULGJHV

8 QGLUHFWHG� JUDSKV

V Y�
Y� W

Y X

3
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/ HPPD� � � 7KHUH�H[ LVWV�D�UHVWRUDWLRQ�WRSRORJ\ �WKDW�
‡ &RVW�LV�QR�PRUH�WKDQ�WKH�RSWLPXP
‡ 9LRODWHV�WKH�GHOD\ �FRQVWUDLQW�E\ �D�I DFWRU�RI �DW�PRVW�� �
‡ ( DFK�OLQN�LV�LQFOXGHG�LQ�DW�PRVW�WZR�EULGJHV�

' LUHFWHG� JUDSKV

V Y�
Y� W

Y X

3
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· : H�FRQVWUXFW�D�GLUHFWHG�DX[ LOLDU\ �JUDSK�* ·�I URP�* �E\ �UHYHUVLQJ�HDFK�
OLQN�OÎ 3

· $ �UHVWRUDWLRQ�WRSRORJ\ �FRUUHVSRQGV�WR�D�ZDON�: �LQ�* ·

· , GHD��) LQG�D�UHVWRUDWLRQ�WRSRORJ\ �E\ �I LQGLQJ�D�ZDON�: �EHWZHHQ�V�DQG�W

· 2 EVWDFOH� 6WDQGDUG�GHOD\ �GHI LQLWLRQ�LV�LQDGHTXDWH

: DON

s t
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· $ OORZV�WR�YHULI \ ��GXULQJ�LWV�FRQVWUXFWLRQ��ZKHWKHU�D�
JLYHQ�ZDON�UHSUHVHQWV�D�I HDVLEOH�UHVWRUDWLRQ�
WRSRORJ\ �

· 5HFDOO�WKDW�D�EULGJH�EHWZHHQ�YLDQG�YMVDWLVI LHV�D�
GHOD\ �FRQVWUDLQW�RQO\ �LI

RU��HTXLYDOHQWO\ �

$ GMXVWHG� GHOD\
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· ( YHU\ �VXEZDON�: �V�X� �RI �: �FRUUHVSRQGV�WR�D�VXEVHW�6 ·�RI �
FRPSOHWH�EULGJHV�LQ�5�DQG��SRVVLEO\ ��D�VXESDWK�RI �DQ�DGGLWLRQDO�
EULGJH�%

· 7KH�DGMXVWHG�GHOD\ �PDLQWDLQV�WKH�I ROORZLQJ�LQYDULDQW�
² LI �DOO�EULGJHV�LQ��6 ·�VDWLVI \ �WKH�GHOD\ �FRQVWUDLQW��WKHQ�WKH�

DGMXVWHG�GHOD\ �RI � : �V�X� UHSUHVHQWV�WKH�GHOD\ �RI 3�V�X�

² ¥ ��RWKHUZLVH

$ GMXVWHG� GHOD\ � �FRQW� �

u

s t

W(s,u)

s t

u

P(s,u)
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· 7KH�DGMXVWHG�GHOD\ �RI �D�ZDON�LV�FDOFXODWHG�LQ�D�UHFXUVLYH�PDQQHU

² 7KH�DGMXVWHG�GHOD\ �RI �HPSW\ �ZDON�LV�] HUR

² &RPSXWLQJ�WKH�DGMXVWHG�GHOD\ �: �V�XN� ��

‡ WKH�DGMXVWHG�GHOD\ �RI �WKH�VXE� ZDON�: �V�XN� � � �LV�NQRZQ�

² : H�FRQVLGHU�VHYHUDO�FDVHV�

� � ' � : �V� XN�� �  � ' � : �V� XN� � � � � � � G�XN� � � XN�

$ GMXVWHG� GHOD\ � �FRQW� �

s t

uk-1

P(s,u)

uk
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$ GMXVWHG� GHOD\ � �FRQW� �

s t

W(s,u)

uk

uk-1

� � , I ' � : �V�XN� � � � �� G�XN� � ��XN�£ ' �3�V�XN� � �� D

WKHQ' � : �V�XN�� � �' � : �V�XN� � � � �� �G�XN� � � XN�

RWKHUZLVH' � : �V�XN�� � �¥
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� � , I ' � : �V�XN� � � � �� G�XN� � ��XN�£ ' �3�V�XN� � ��

WKHQ' � : �V�XN�� � �' �3�V�XN��

RWKHUZLVH' � : �V�XN�� � �¥

$ GMXVWHG� GHOD\ � �FRQW� �

s t

W(s,u)

uk uk-1
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) DVW� $ OJRULWKP

· $ GMXVWHG� GHOD\ � JLYHV� ULVH� WR� D� SVHXGR� SRO\ QRPLDO�
DOJRULWKP

² ( [ WHQVLRQ�RI �%HOOPDQ�) RUG�DOJRULWKP

‡ ' LI I HUHQW�SURFHGXUH�I RU�UHOD[ LQJ�OLQNV

· : H� GHYHORS� HI I LFLHQW� DSSUR[ LPDWLRQ� VFKHPH

² 8 VHV�SVHXGR� SRO\ QRPLDO�DOJRULWKP�DV�D�EDVLF�EXLOGLQJ�
EORFN

² 8 VHV�VFDOLQJ�DQG�URXQGLQJ�WHFKQLTXHV

² &RPSXWHV�D�UHVWRUDWLRQ�WRSRORJ\ �ZKRVH�FRVW�LV�DW�PRVW�
� � � � e� �WLPHV�PRUH�WKDQ�WKH�RSWLPDO

² &RPSXWDWLRQDO�FRPSOH[ LW\ � ( )( )NMNO log1 +e
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· , GHQWLI \ �D�PLQLPXP�FRVW�SDWK�3�WKDW�VDWLVI LHV�GHOD\ �
FRQVWUDLQW�G
² %\ �XVLQJ�$ OJRULWKP�563

· 2 EVHUYDWLRQ��$ �UHVWRUDWLRQ�WRSRORJ\ �I RU�3�FDQ�EH�
FRQVWUXFWHG�E\ �XVLQJ�OLQNV�WKDW�EHORQJV�WR�RSWLPXP�
SDWK�DQG�UHVWRUDWLRQ�WRSRORJ\
² ' HOD\ �YLRODWHG�E\ �I DFWRU�RI ��

· , GHQWLI \ �D�UHVWRUDWLRQ�WRSRORJ\ �
² %\ �VROYLQJ�SUREOHP�57

3URYLVLRQLQJ� RI � 3DWK� � � 5HVWRUDWLRQ� 7RSRORJ\
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‡ : H�LQYHVWLJDWHG�WKH�SUREOHP�RI �SURYLVLRQLQJ�4 R6 �

SDWKV�ZLWK�UHVWRUDWLRQ

‡ 3ULPDU\ �SDWK�LV�XVHG�GXULQJ�QRUPDO�QHWZRUN�RSHUDWLRQ

‡ $ �VHW�RI �EULGJHV��HDFK�RI �ZKLFK�SURWHFWV�D�SDUW�RI �SULPDU\ �SDWK

‡ : H�DGGUHVVHG�WKH�LVVXH�RI �OLQN�VKDULQJ

‡ : H�LQWURGXFHG�D�I XQGDPHQWDO�FRQFHSW�RI �DGMXVWHG�

GHOD\ �ZKLFK�DOORZV�WR�UHSUHVHQW�WKH�VHW�RI �EULGJHV�

WKDW�FRQVWLWXWH�D�UHVWRUDWLRQ�WRSRORJ\ �DV�D�VLQJOH�ZDON

‡ 7KLV�PDNHV�SRVVLEOH�WR�DGDSW�VWDQGDUG�VFKHPHV�I RU�

LGHQWLI LFDWLRQ�RI �UHVWRUDWLRQ�WRSRORJLHV

&RQFOXVLRQ


